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E-mail address: d.karagiozova@imbm.bas.bg (D. KOne-dimensional models for compaction of cellular materials exhibiting strain hardening are proposed
for two different impact scenarios. The models reveal the characteristic features of deformation under
the condition of decreasing velocity during the impact event. It was established that an unloading plastic
wave of strong discontinuity propagates in the foam and it has a signiﬁcant dynamic effect on the foam
compaction and energy absorption. The proposed models are based on the actual experimentally derived
stress strain curves. The compaction mechanism in three aluminium based foam materials, two of them
with relatively low density – Alporas and Cymat with 9% and 9.3% relative density, respectively and a
higher density Cymat foam with 21% relative density, is analysed. Numerical simulations were carried
out to verify the proposed models.
The predictions of the proposed models are compared with published analytical models of compaction
of cellular materials which assume a predeﬁned densiﬁcation strain. It is shown that the approximation
of a cellular material with signiﬁcant strain hardening by the Rigid Perfectly-Plastic-Locking (RPPL)
model can lead to an overestimation of the energy absorption capacity for the observed stroke due to
the non-uniform strains along the compacted zone of the actual material in contrast to the predeﬁned
constant densiﬁcation strain in the RPPL model. The assumption of a constant densiﬁcation strain leads
also to an overestimation of the maximum stress, which occurs under impact.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Metal based cellular materials with different topology – open
and closed foams, metal hollow spheres, honeycombs – have excel-
lent potential characteristics as blast and impact energy absorbers
due to their ability to deform over a long stroke at an almost con-
stant load. Under intensive dynamic load, the compaction waves
travelling through the cellular material cause a strength and en-
ergy absorption enhancement in a way that the absorbed energy
per unit volume is larger than the area under the nominal
stress–strain curve.
Different methods have been proposed in the literature to mod-
el foam compaction. The shock wave propagation model in cellular
materials was proposed by Reid and Peng (1997) to explain the
crush enhancement of wood specimens assuming a rigid per-
fectly-plastic locking (RPPL) mechanism. Retaining the basic char-
acteristics of the one dimensional shock wave models, more
detailed material models were used by Tan et al. (2005a,b) taking
into account the elastic material properties. An elastic-plastic mod-
el with hardening was used by Harrigan et al. (2005) while an elas-
tic perfectly-plastic-with rigid locking model was used byll rights reserved.
aragiozova).Lopatnikov et al. (2003, 2004). Although different material models
were assumed, the shock wave propagation models use either zero
strain or the strain value associated with the strain of the fully
locked material. Different deﬁnitions of the locking strain were
used by Lopatnikov et al. (2004) and Tan et al. (2005b) but good
agreement between the numerical simulations and the corre-
sponding analytical models was demonstrated within the consid-
ered ranges of impact velocities.
The idea of a propagating compaction wave in foam materials
was used to predict the deformation and energy absorption of
foam layers used in cladding structures by Hanssen et al.
(2002a,b) and Ma and Ye (2007a,b), and as a core material in sand-
wich panel by Qiu et al. (2004) and Radford et al. (2006). A discus-
sion on the different analytical approaches used by Reid and Peng
(1997) and Deshpande and Fleck (2000) was published in Tan et al.
(2005b).
It is straightforward to apply the RPPL model proposed by Reid
and Peng (1997) for the approximation of the stress–strain charac-
teristic of a cellular material with negligible strain hardening. For
this type of cellular materials Tan et al. (2005b) formulated a con-
dition for the development of a steady shock wave by deﬁning a
critical compaction velocity
V P Vcr ¼ ð2rcreD=q0Þ1=2; ð1Þ
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foam density in the RPPL model.
It is evident that the correct application of the shock wave mod-
el for a description of cellular material compaction is strongly
related to the rate of loading and material properties. It should
be emphasised that the above condition was derived assuming a
constant velocity, which guarantees the propagation of a steady
shock wave.
The actual energy absorbing devices, however, are expected to
attenuate the initial high velocity and eventually to absorb the en-
tire initial kinetic energy. In this case, the velocity applied to the
foam block is a decreasing function with time and hence the con-
stant velocity condition given by Eq. (1) cannot be satisﬁed during
the entire impact event. Besides that, a full compaction (e = eD)
within the primary stress wave cannot always be achieved in foam
materials, which exhibit strain hardening as shown experimentally
by Zhao et al. (2005), Elnasri et al. (2007) and Pattofatto et al.
(2007). Therefore an additional compaction can occur within the
reﬂected stress wave when a block with a ﬁnite thickness is con-
sidered (Karagiozova et al., 2010). From this viewpoint it is impor-
tant to analyse the strength and energy absorption enhancement in
foam materials when considering the actual stress–strain curve.
The present study aims to examine the propagation of compac-
tion waves in metal foams that exhibit strain hardening (Lu et al.,
2008) and are subjected to moderate initial impact velocities be-
tween 50 and 200 m/s. The analysis is based on the actual experi-
mentally determined stress–strain curve with a concave plastic
loading path. It is noted that shock waves can develop only under
the condition of continuous loading (e.g. increasing velocity) while
an unloading plastic wave of strong discontinuity forms in the
foam under a decreasing velocity, which is associated with a mass
impact or blast loading.
Two different impact scenarios are considered: in the ﬁrst, a ri-
gid mass strikes a stationary foam block and in the second, a foam
block strikes a rigid stationary target. The emphasis is on explain-
ing the compaction under decreasing impact velocity. Comparisons
are made between the proposed analytical model and models of
foam compaction based on a predeﬁned densiﬁcation strain pub-
lished in the literature by Reid and Peng (1997), Harrigan et al.
(2010) and Radford et al. (2005). Numerical simulations are carried
out to verify the proposed models of foam compaction.Fig. 1. Stress–strain characteristics of the analysed materials.2. Material characteristics
The quasi-static stress–strain curves for Alporas with density
q0 = 245 kg/m3, Cymat with q0 = 253 kg/m3 and Cymat with
q0 = 570 kg/m3 were obtained experimentally as reported in Lang-
don et al. (2010). Alporas foam is characterised by a relatively long
plateau stress, whereas the Cymat foam materials exhibit signiﬁ-
cant strain hardening together with considerable experimental
variation. Therefore, the material model proposed by Hanssen et
al. (2002a,b) for aluminium foam that exhibits hardening was used
to deﬁne the stress–strain relationship of the Cymat foams with
different densities
r ¼ rY þ c jejeD þ a ln 1
jej
eD
 b( )1
ð2Þ
rather than utilizing particular experimental curves. In Eq. (2), rY is
the yield stress (rY > 0 taken in compression) while c and a are the
linear and nonlinear hardening scaling factors, respectively. The va-
lue of b is a shape factor. The densiﬁcation strain, eD (taken positive
in compression), is the strain at which the material has the same
density as the parent material, under the assumption of a zero plas-
tic Poisson’s ratio, and is given aseD ¼ 1 ðq0=qsÞ; ð3Þ
where q0 is the initial foam density and qs is the density of the par-
ent material.
The stress–strain relationships for Cymat with densities of
253 kg/m3 and 570 kg/m3 were obtained from Eqs. (2) and (5)
when using the material constants proposed by Langdon et al.
(2010) and they are shown in Fig. 1 together with the experimen-
tally obtained stress–strain curve for Alporas with q0 = 245 kg/m3.
The elastic properties of the foams, which are used in the numeri-
cal simulations are taken from the experimental data reported in
Ashby et al. (2000); E = 0.8 GPa and 1.1 GPa, respectively were uti-
lized for the two Cymat foams. The elastic modulus of Alporas foam
is assumed to be E = 1.0 GPa. In the numerical simulations, equal
elastic moduli were used for loading and unloading as they were
assumed independent of the degree of compaction.
3. Propagation of compaction waves
The stress–strain dependences for the foammaterials examined
in this paper are characterized by a strictly concave curve which
has a general expression
r ¼ gðeÞ; g00ðeÞ > 0; e > eY ð4Þ
where eY is the strain at yield (taken as positive in compression). At
certain initial and boundary conditions, for example a suddenly ap-
plied constant or increasing normal velocity V > c(e)
ðcðeÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dr=de
p
=
ﬃﬃﬃﬃﬃq0p Þ; it is possible that the plastic wave could be
distorted during propagation due to the faster propagation of the
stresses initiated at later times. The condition of the incipient over-
taking of a stress increment from a stress level rð~tÞ by a second
stress increment from a higher stress level rð~t þ D~tÞ is obtained
by Hopkins (1968) as
n ¼ c21
dc1
d~t

; t ¼ ~t þ c1 dc1
d~t

: ð5a;bÞ
Thereafter the continuous wave solution ceases to apply and a new
type of wave, which involves discontinuities, propagates in a differ-
ent manner. This wave is known as a ‘shock wave’ and has been
used successfully in the past in the analysis of the deformation of
cellular materials under dynamic loading by Reid and Peng
(1997), Tan et al. (2005b), Harrigan et al. (2005), Lopatnikov et al.
(2004) and Main and Gazonas (2008). It was shown that the shock
wave theory gives good predictions when applied to cellular mate-
rials with insigniﬁcant strain hardening, i.e., a constant plateau
stress up to the densiﬁcation strains can approximate well the
material properties and the acoustic wave speeds, c(e), in these
materials are relatively low.
If an axial mass impact with initial velocity V0 is applied to the
proximal end of a foam rod, n = 0, the stresses initiated at later
Fig. 2. Schematic of the impact of a rigid mass on a stationary foam block.
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ing wave starts to propagate if the induced stresses exceed the
elastic limit of the material. This wave is a wave of strong discon-
tinuity characterised by discontinuous velocity, stress, strain and
density on the wave front while the particles behind the plastic
wave front experience elastic unloading (Nowacki, 1978). An
elastic precursor wave starts to propagate ahead of the plastic
wave front.
Generally, if a plastic unloading wave propagates from region 2
to region 1, the strain and velocity at the wave front are
@u
@n t¼f ðnÞj
¼ e2ðnÞ; @u
@t jt¼f ðnÞ
¼ V2ðnÞ ð6a;bÞ
where u(n, t) is the longitudinal displacement, t = f(n), e2(n) and
V2(n) are calculated on the wave front. The elastic unloading behind
the wave front is described by Nowacki (1978) as
@2u
@t2
 c20
@2u
@n2
¼ FðnÞ; @e
@t
< 0 ð7aÞ
where
FðnÞ ¼ 1
q
dr2ðnÞ
dn
 c20
de2ðnÞ
dn
; c0 ¼ ðE=q0Þ1=2: ð7bÞ
The conditions through the front of discontinuity, the conservation
of mass and momentum conservation, are
q1ðV1  GÞ ¼ q2ðV2  GÞ ð8aÞ
ðr2  r1Þ ¼ q2ðV2  GÞðV2  V1Þ: ð8bÞ
In Eq. (8), q1, V1 and q2, V2 are the characteristic parameters ahead
of and behind the wave front, respectively and G = 1/f0(n) is the
speed of the wave front.
Since the elastic strains are much smaller than the plastic
strains due to compaction, the elastic strains in the deformed foam
material behind the front of the unloading wave can be neglected
and a rigid unloading can be assumed. The continuity equation in
the region of unloading may be formulated as (Lautrup, 2005)
dq2
dt
¼ q2
dV
dn
ð9aÞ
(q2 ; e2 refer to density and strain behind the wave front). Since e2 is
independent of t inside the unloading region,
dq2
dt
¼ 0; ð9bÞ
which leads to
dV
dn
¼ 0 ð9cÞ
behind the wave front thus deﬁning a rigid body motion of the com-
pacted region. The particle velocity, V, is independent of t and equal
to the particle velocity of the wave front
Vðn; tÞ ¼ V2ðtÞ: ð9dÞ3.1. Impact of a rigid mass on a stationary foam rod (forward
direction)
Consider a rigid mass with areal densitym and initial velocity V0
striking a stationary foam rod as shown schematically in Fig. 2.
This is the situation that occurs during Taylor testing in the for-
ward direction (Pattofatto et al., 2007). The characteristic variables
just behind the wave front are
V2 ¼ V ; e2 ¼ e; r2 ¼ rdðVÞ; q2 ¼ q0=ð1 e2Þ ð10a-dÞwhile just ahead of the wave front
V1 ¼ VY ; e1 ¼ eY ; r1 ¼ rqs ¼ rY ; q1 ¼ q0=ð1 eY Þ  q0
ð11a-dÞ
where VY = rY/(q0c0) and rY is the yield stress taken positive in com-
pression. From Eqs. (8a) and (8b)
½r  q0ðG VYÞ½V  ¼ 0 ð12Þ
where
½V  ¼ V2  V1; ½r ¼ r2  r1;¼ rd  rY :
Taking into account that VY << G, the jump condition through the
wave front becomes
½r  q0G½V  ¼ 0: ð13Þ
The speed of the wave front is expressed from Eq. (8a) as
GðeÞ ¼ ½V =½e; ½e ¼ e2  eY ð14Þ
when taking into account that eY << 1 and e2VY << [V]. Substituting
Eq. (14) into Eq. (13) the following expression for the velocity jump
is obtained
½V  ¼ ð½r½e=q1Þ1=2: ð15Þ
Making use of the unique stress–strain relationship of the analysed
foam, the function [V] = FV(e) given by Eq. (15) can be inverted to
give e2 = e2(V2) (Hopkins, 1968), or [e] = Fe([V]). The latter function
is deﬁned at discrete points ei+1 = ei + De, De = 0.005 for all analyzed
materials and best ﬁt approximation is obtained by exponential
functions with the following general expression
½e ¼ Feð½V Þ ¼ a expðb½V Þ þ c expðd½V Þ þ e expðf ½V Þ þ g ð16Þ
where coefﬁcients a, b, c, d, e, f and g are characteristic constants for
each material (Table 1). The dependence (16) can be obtained in an
analytical form if the material stress–strain relationship can be
approximated by a simple power-low function (Pattofatto et al.,
2007).
Taking into account the mass conservation law within the com-
pacted region h(t), which gives a relationship between the initial
density of the foam, q0 and density q(n) in this regionZ hðtÞ
0
qðfÞdf ¼ q0fhðtÞ þ uðtÞg; ð17Þ
the equation of motion of the attached mass is obtained as (see
Appendix 1)
Table 1
Coefﬁcients in Eq. (16) for the three foam materials.
Alporas q0 = 245 kg/m3 Cymat1 q0 = 253 kg/m3 Cymat2 q0 = 570 kg/m3
a 0.803569521 30.456845175 3.790945235
b (s.m1) 0.000322329 0.058987727 0.077951645
c 0.260631975 30.768125613 3.901852377
d (s.m1) 0.127286451 0.058529364 0.076819441
e 0.558471011 0.608613741 0.703148727
f (s.m1) 0.189327141 0.006610252 0.007050504
g 0.0 0.922978023 0.813877738
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dt
Vðmþ q0ðuþ hÞÞ þ rY þ
q0
2½e ð½V 
2 þ V2Þ
 
½V  ¼ 0: ð18Þ
If the elastic material properties are neglected then VY = 0 and
[V] = V. The equations of motion are obtained with respect to the
velocity of the compacted region, V, length of the compacted zone,
h, and the displacement of the proximal end, u, as
dV
dt
¼  rY þ q0
V2
½eðVÞ
" #
1
fmþ q0ðuþ hÞg
; ð19aÞ
dh
dt
¼ Gð½eðVÞÞ  VðtÞ; GðeÞ ¼ ½V =½e; ð19bÞ
du
dt
¼ VðtÞ: ð19cÞ
Eq. (19) are solved numerically with initial conditions
Vð0Þ ¼ V0; hð0Þ ¼ 0; uð0Þ ¼ 0: ð20a-cÞ
The deformation energy is the only mechanism of energy absorp-
tion so that the following expression is adopted to obtain the energy
dissipation in the foam block
EPL;ModelðuÞ ¼ A mV
2
0
2
 ðmþ
Z hðuÞ
0
qðfÞdfÞV
2ðuÞ
2
( )
: ð21Þ3.2. Impact of a foam rod on a rigid surface (reverse direction)
Consider now a foam rod of unit area travelling at a speed of
V0 < c until it strikes squarely a rigid surface at t = 0 as shown in
Fig. 3. The characteristic variables just behind the wave front are
V2 ¼ 0; e2 ¼ e; r2 ¼ rd; q2 ¼ q0=ð1 e2Þ ð22a-cÞFig. 3. Schematic of the impact of a foam block on a rigid surface.while ahead of the wave front the corresponding values are
V1 ¼ V  VY ; e1 ¼ eY ; r1 ¼ rY ; q1 ¼ q0=ð1 eY Þ  q0:
ð23a-dÞ
from Eqs. (8a) and (8b)
½r þ q2G½V  ¼ 0 ð24Þ
where
½V  ¼ V1; ½r ¼ r2  r1 ¼ rd  rY :
The speed of the wave front is expressed from Eq. (8a) as
GðeÞ ¼ ½V ð1 ½eÞ=½e ð25Þ
when taking into account that eY << 1. Substituting Eq. (25) into Eq.
(24) the following expression for the velocity jump is obtained
½V  ¼ ð½r½e=q1Þ1=2: ð26Þ
The equations of motion with respect to V, h and u are obtained as
(see Appendix 1)
dV
dt
¼  rYfq0L q0ðuþ hÞg
; ð27aÞ
dh
dt
¼ Gð½eðVÞÞ; GðeÞ ¼ ½V ð1 ½eÞ=½e; ð27bÞ
du
dt
¼ VðtÞ: ð27cÞ
Note that [V] = V when VY = 0. Eq. (27) is solved with initial
conditions
Vð0Þ ¼ V0; hð0Þ ¼ 0; uð0Þ ¼ 0: ð28a-cÞ4. Numerical models
Numerical simulations were carried out to verify the models of
foam compaction described in Section 3. The compaction of a cylin-
drical foam block with L = 200 mm and diameter 100 mm is ana-
lyzed under different loading conditions. Due to the symmetry of
the problem a quarter of the foam block was modelled with the
axes orientation shown in Fig. 4. In the ﬁrst case – an impact in
the forward direction – the initial impact velocity is prescribed
to a steel plate (with mass per unit area m = qplT, T is the thickness
of the plate) when the foam block is stationary. In the second case
– an impact in the reverse direction – the initial velocity is pre-
scribed to the entire foam block. No mass is attached to the distal
end of the foam block in the reverse direction conﬁguration.
The crushable foam model with volumetric hardening available
in ABAQUS/Explicit was used for the foams. In this model, the yield
surface evolves in a self-similar fashion and the shape factor a is
computed using the initial yield stress in uniaxial compression,
r0c ¼ rY ; the initial yield stress in hydrostatic compression, p0c ;
and the yield strength in hydrostatic tension, pt:
z 
x 
y 
V0 L
T
Fig. 4. Geometry of the numerical model.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð3kt þ kÞð3 kÞ
q
; k ¼ r0c=p0c ; kt ¼ pt=p0c ð29Þ
Tensile data for Cymat foams reported by Ruan et al. (2002) showed
that the maximum tensile strength of this material was similar to
the initial compression strength, so that values of k = kt = 1 were
used in the present analysis.
Solid elements with thickness of 2 mm in the x-direction are
used when the automatic meshing is applied in the (y,z) plane with
a maximum element length of 2 mm (Fig. 4). The mesh sensitivity
analysis was carried out with respect of the variation of the dis-
tance of propagation of the compaction wave, h, longitudinal dis-
placement, u, and nominal strains. It was established that the
mesh reﬁnement with element thickness smaller than 2 mm has
only a marginal effect on the analyzed variables.5. Comparison between the predictions of the different models
Comparisons between the predictions of the proposed models,
numerical simulations and the constant densiﬁcation strain ap-
proach are presented in this section. The RPPL model is frequently
applied to predict the velocity attenuation and energy absorption
of various cellular materials under impact loading. Therefore this
model is used to distinguish between the dynamic compaction of
foam materials, which exhibit strain hardening and their approxi-
mation by the RPPL model.
The concept of the proposed model of the foam compaction is
based on the material characteristic of foam possessing a unique
relationship between the stresses and strains. The approximation
of the actual material by the RPPL model removes this essential
feature and the deﬁnition of the model parameters in terms of
the critical, rcr, (or plateau) stress and densiﬁcation strain becomes
crucial. Since the densiﬁcation strain is not strictly a physical quan-
tity, different deﬁnitions for this parameter have been suggested.
Obviously, a complete densiﬁcation approaching the density of
the constituent material can be achieved mainly in very low den-
sity cellular materials subjected to a high velocity impact or other
very high intensity loads. A physically rigorous approach to obtain
eD was proposed by Tan et al. (2005b) provided more realistic esti-
mates for the parameters of the RPPL model. The Tan et al. (2005b)
approach is used herein to obtain the characteristic parameters, eD,Table 2
Equivalent parameters for the RPPL model.
Alporas, q0 = 245 kg/m3
rcr (MPa) 1.781
eD 0.555rcr, for the materials analyzed in the present paper. The particular
values are listed in Table 2 and details for the calculation of these
parameters are given in the Appendix 2.
5.1. Impact of a rigid mass on a stationary foam rod (forward
direction)
The compaction wave propagation speeds, G, obtained by the
proposed model are shown in Fig. 5. It is evident that the speeds,
which are calculated according to Eq. (19) (the solid curves), do
not approach zero for low values of the particle velocities. How-
ever, the wave speed obtained with the assumption of a constant
densiﬁcation strain (dashed line, G = [V]/eD) approaches zero at
small V. It should be noted that a small variation of densiﬁcation
strain can lead to a signiﬁcant variation of the speed of the com-
paction wave, particularly for large particle velocities when using
a predeﬁned constant densiﬁcation strain.
5.1.1. Velocity attenuation in Alporas foam
The impact velocity attenuation when applying equal initial ki-
netic energy but with different impact velocities is shown in
Fig. 6(a). A strong dynamic effect is demonstrated through the in-
crease of stroke, u, and length of the compacted zone, h, when
applying an impact with lower velocity. The increase of the stroke
for the lower impact velocity is an inherent feature of the compac-
tion of cellular materials and it is also predicted by the RPPL model
as shown in Fig. 6(b) and (c). The velocity attenuation in the RPPL
model is calculated according to the expression given by Harrigan
et al. (2010), which in the current notations reads
VðuÞ ¼ eD
q0
V20
q0
eD
þ rcr
 
m2
 
mþ uq0
eD
2
 rcr
( )1=2
: ð30Þ
Fig. 6(b) and (c) show that the RPPL model predicts lower stroke
values for both impact velocities thus overestimating the energy
absorption capacity of the Alporas foam while the currently pro-
posed model predicts values close to the numerical calculations.
Predictions from the current model for the strain distributions
within the compacted zones are compared with the numerical re-
sults in Fig. 7(a). A strong decay of the strains is observed with
the increase of the distance from the impacted end. Therefore, an
assumption of a particular constant value of eD during the entire im-
pact event could be quite ambiguous.
The transient stress variation at several section points on the
longitudinal axis of the foam block are presented in Fig. 7(b) to-
gether with the stress variation predicted by the current model.
The observed ﬂuctuations in the numerical results are due to the
elastic component of deformation causing local unloading. The
stresses due to the current model are obtained at the compaction
wave front, r(t) = rd(e([V])) and it is evident that this model gives
correct values of the maximum stresses, which develop with time
in the foam block.
5.1.2. Velocity attenuation in Cymat foam
Dependences similar to the ones discussed above are also ob-
served for Cymat1 foam with q0 = 253 kg/m3 and the results are
shown in Figs. 8–10. The velocity attenuation as functions of the
stroke, u, and the size of the compacted zone, h, are shown inCymat1, q0 = 253 kg/m3 Cymat2, q0 = 570 kg/m3
1.11 6.8
0.445 0.485
Fig. 5. Speeds of the compaction waves, G, in the three foam materials, impact in
forward direction.
(a)
(b)
(c)
Fig. 6. Velocity attenuation predicted by different models, Alporas, q0 = 245 kg/m3;
(a) Velocity attenuation as functions of the stroke, u, and length of the compacted
region, h; inﬁnite foam block – current model; (b) T = 2 mm, V0 = 160 m/s; (c)
T = 8 mm, V0 = 80 m/s.
(a)
(b)
Fig. 7. Comparison between the numerical (L = 200 mm) and proposed model
(inﬁnite foam block), Alporas, q0 = 245 kg/m3; (a) strain distributions along the
compacted zones; (b) stress variations with time, T = 2 mm, V0 = 160 m/s.
(a)
(b)
Fig. 8. (a) Velocity attenuation as functions of the stroke, u, and length of the
compacted region, h; Cymat1, q0 = 253 kg/m3, inﬁnite foam block – current model;
(b) variation of the compacted zone with time.
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(a)
(b)
(c)
Fig. 9. Velocity attenuation predicted by different models, Cymat1, q0 = 253 kg/m3;
(a) T = 2 mm, V0 = 160 m/s; (b) T = 8 mm, V0 = 80 m/s; (c) strain distributions along
the compacted zones predicted by the proposed model.
(a)
(b)
Fig. 10. Comparison between the numerical (L = 200 mm) and proposed model
(inﬁnite foam block), Cymat1, q0 = 253 kg/m3; (a) Strain distributions along the
compacted zones, L = 200 mm; (b) stress variations with time, T = 2 mm,
V0 = 160 m/s.
Fig. 11. Energy dissipation, Cymat1, q0 = 253 kg/m3.
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predicted for Cymat1 in comparison with Alporas foam for the
same initial kinetic energy. Taking into account that both materials
have similar densities, the difference in the response is due to the
fact that the foam compaction is a history dependent process. The
higher speed of compaction wave propagation in Cymat1 (as
shown in Fig. 5) causes larger compacted zones, although the
strains are not uniformly distributed along these zones. The predic-
tions by the current model and the numerical results for the prop-
agation of the compacted zone for 160 m/s are in a good agreement
as shown in Fig. 8(b).
Signiﬁcant disparity between the velocity attenuation predicted
by the RPPL model for Cymat1 and the current approach is evident
in Fig. 9(a) and (b). Note that both models assume inﬁnite blocks
struck by a mass while a ﬁnite block is modelled numerically. Good
agreement is observed between the model based on the actual
stress–strain curve (current approach) and the numerical simula-
tions up to the point of reﬂection of the compaction wave fromthe stationary end (Fig. 9(a) and (b)). The points of reﬂection,
which correspond to the time when the primary compaction wave
has reached distance of L = 200 mm are marked on the various ﬁg-
ures by the symbol ‘e’.
Due to the decreasing velocity during the impact event, the
strains decrease rapidly with the increase of the distance from
the impacted end as shown in Fig. 9(c). Good agreement is ob-
served between the numerical and current model results in terms
of strains and stresses within the primary compacted wave pre-
sented in Fig. 10(a) and (b), respectively.
The energy absorption histories of Cymat1 foam are presented
in Fig. 11 as functions of the stroke, u, where the absorbed energy
is calculated according to Eq. (21). A large underestimation of the
stroke required for the absorption of the initial kinetic energy,
(a)
(b)
Fig. 12. Velocity attenuation as functions of the stroke, u, predicted by different
models, Cymat2, q0 = 570 kg/m3; (a) T = 4 mm, V0 = 160 m/s; (b) T = 16 mm,
V0 = 80 m/s.
(a)
(b)
Fig. 13. Comparison between the numerical (L = 200 mm) and proposed model
(inﬁnite foam block), Cymat2, q0 = 570 kg/m3; (a) strain distributions along the
compacted zones, L = 200 mm; (b) stress variations, with time, T = 4 mm,
V0 = 160 m/s.
Fig. 14. Speeds of the compaction waves in the three foam materials, reverse
direction.
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impact velocities. This disparity between the current and RPPL
model is caused by the constant densiﬁcation strain assumption
over the entire compacted zone in the RPPL model. As previously
stated, this assumption leads to rcr > rY, which corresponds to a
‘stronger’ material (particularly for smaller strains).
The last set of results on impact in the forward direction is pre-
sented in Figs. 12 and 13 for the higher density Cymat foam. These
results demonstrate the ability of the proposed model to predict
the compaction of foam materials with relatively high density.
Comparisons for the velocity attenuation predicted by the two ana-
lytical models and the numerical simulations are shown in
Fig. 12(a) and (b). Equal initial kinetic energy is applied with two
different impact velocities. The impact energy due to 160 m/s im-
pact is almost entirely absorbed within the primary compaction
wave propagating in a foam block with initial length of 200 mm
when the numerical simulations and the current model predict a
very similar stroke, u (Fig. 12(a)). On the other hand, the RPPL mod-
el predicts a much lower stroke (by a factor of two). Similar conclu-
sions are valid for the results for the lower impact velocity shown
in Fig. 12(b) (V0 = 80 m/s). In this case, however, the impact energy
cannot be absorbed within the primary compacted wave when
L = 200 mm, so that a foam block with L > 200 mm is required
according to the current model. In the numerical simulations, the
remaining kinetic energy is absorbed by the additional compaction
within the reﬂected stress wave, which propagates from the sta-
tionary end (see Karagiozova et al., 2010).
Agreement is observed between the predictions for the strain
distributions and stress–time variation, which follow from the
numerical simulations and the solution of Eq. (19), as shown in
Fig. 13(a) and (b).
The results for the three foam materials show that the compac-
tion is a history dependent process which has a direct implication
on the energy absorption capacity of the foam. Comparisons
between the estimates for the critical length of a foam block to
absorb a given impact energy obtained by the RPPL model and
the current model are presented in Table 3. The critical length
due to the RPPL model is obtained by Harrigan et al. (2010) as
LCRRPPL ¼
Tqpl
q0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ q0V
2
0
rcreD
s
 1
0
@
1
A; ð31aÞ
while the critical length predicted by the current model is obtained
at a complete velocity attenuation as
LCRPropModel ¼ ðuðm;V0Þ þ hðm;V0ÞÞjV¼0: ð31bÞ
It is observed from Table 3 that the predictions for Alporas foam due
to Eqs. (31a) and (31b) are comparable, while the values for the
Table 3
Comparison between the critical lengths for impacts in the forward direction.
T = 2 mm
V0 = 160 m/s
T = 8 mm
V0= 80 m/s
T = 2mm
V0 = 160 m/s
T = 8 mm
V0 = 80 m/s
T = 4 mm
V0 = 160 m/s
T = 16 mm
V0 = 80 m/s
Alporas Cymat1 Cymat2
LCR (m) Eq. (39a) 0.109 0.156 0.171 0.265 0.0732 0.099
LProp Model (m) Eq. (39b) 0.1425 0.229 0.7195 1.370 0.3175 0.598
(a)
(b)
(c)
Fig. 15. Final lengths of the stroke, u, and compacted zones, h, for impacts in reverse direction; (a) Alporas, q0 = 245 kg/m3, (b) Cymat1, q0 = 253 kg/m3, (c) Cymat2,
q0 = 570 kg/m3.
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Fig. 16. Alporas foam, q0 = 245 kg/m3. (a) Velocity attenuation as functions of the
stroke, u, (solid line) and length of the compacted region, h, (dashed line); V(u) –
RPPL model (dotted line); (b) deformed foam blocks, V0 = 75 (left) and 120 m/s
(right).
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The current model predicts critical lengths for Alporas which are
approximately 21–34% higher, whereas the Cymat foam predictions
are between 4.2 and 6 times larger in the current model. This sug-
gests that the attempt to approximate foam materials by a material
model with a predeﬁned densiﬁcation strain leads to incorrect pre-
dictions for the energy absorption capacity of the foam. As ex-
pected, cellular materials with insigniﬁcant strain hardening are
better described by the equivalent parameters of the RPPL model
than foams which strain harden signiﬁcantly.5.2. Impact of a foam rod on a rigid surface (reverse direction)
Eq. (27) are solved to obtain the speeds of the compaction waves
in the reverse direction, G(V), for the three analyzed materials and
are presented in Fig. 14. A non-linear dependence characterizes
the propagation speed when, in general, |GALPORAS(V)| < |GCY-
MAT1(V)| < |GCYMAT2(V)|. The speeds are almost independent of V
particularly for the higher velocities. However, the RPPL model
predicts linear dependences |G| = [V](1  eD)/eD with slopes that
vary signiﬁcantly for different values of eD. The relation |GALPO-
RAS(V)| < | GCYMAT2(V)| < |GCYMAT1(V)| is deﬁned by the RPPL model,
which means that the compaction wave will propagate at a lower
speed in a material with a higher density.
The ﬁnal lengths of the strokes and compacted zones as func-
tions of the initial impact velocities are presented in Fig. 15. There
is a qualitative difference in the response characteristics of amaterial with small strain hardening (Alporas, Fig. 15(a)) and those
materials with signiﬁcant strain hardening (Cymat1 and Cymat2 in
Fig. 15(b) and (c), respectively). Compacted zones in the Alporas
foam block showed small variation in length with the impact
velocity variation between 50 and 200 m/s and a tendency of a
slight decrease with the increase of V0 while the stroke is an
increasing function of V0, as expected. The observed variations of
u and h are due to the relatively low speed of propagation of the
compaction wave, which remains under 40 m/s (see Fig. 14). De-
tails of the deformation process of Alporas foam are presented in
Figs. 16 and 17.
The lengths of the compacted zones in both density Cymat
foams are decreasing functions of the impact velocities, for most
of the range, as shown in Fig. 15(b) and (c). The compaction wave
propagation speeds in these materials are considerably higher than
those in Alporas foam. Moreover, |G| is higher than the particle
velocities in Cymat foams, particularly for low impact velocities.
Therefore, the compaction waves propagate much faster and can
form larger compacted zones comparing to the length of the ﬁnal
strokes for relatively low impact velocities. Details of the deforma-
tion process of Cymat foams are presented in Figs. 18–21.5.2.1. Velocity attenuation in Alporas foam
The velocity attenuations in Alporas foam blocks with
L = 200 mm impacting a rigid wall at initial velocities of 75 and
120 m/s are shown in Fig. 16(a) as functions of the stroke, u, and
compacted zone, h. The compacted zones resulting from the two
impacts have similar lengths, which is also illustrated by the
results from the numerical simulations in Fig. 16(b).
Similarly to the impact in the forward direction, the predictions
of the model deﬁned by Eq. (27) are compared with the results
from the numerical simulations and predictions of an analytical
model, which assume a predeﬁned constant densiﬁcation strain.
In this case, the model of compaction described by Radford et al.
(2005) and based on the RPPL material approximation is used for
comparison purposes. The velocity attenuation is calculated as
VðuÞ ¼ V20 
2rcreD
q0
ln 1 u
eDL
  	1=2
ð32Þ
when considering an impact on a rigid wall. Comparisons between
the predictions of the analytical models and the numerical results
are shown in Fig. 16(a). Good agreement between the current model
and the numerical simulations is observed. The ‘ripples’ in the
numerical simulations are due to the elastic properties in the actual
foam while elasticity is not taken into account in the present model.
Similarly to the RPPL model used in the forward direction, the
stroke is underestimated, which suggests a higher prediction for
the energy absorption capacity of the foam.
Comparisons between the strain distributions obtained from Eq.
(27) and the numerical simulations are shown in Fig. 17(a). Two
observations can be made – the compaction strains depend on
the impact velocity and these strains are not uniform within the
compacted region. These results suggest that the assumption of a
constant densiﬁcation strain based on the quasi-static stress–strain
curve and independent on the impact velocity is not a physically
accurate assumption.
The accuracy of the model described by Eq. (27) is demon-
strated in Fig. 17(b) in terms of the predicted stresses. The stress
variations at several cross-section points on the longitudinal axis
of the foam block, which are obtained numerically, and the stresses
on the wave front, r(t) = rd(e[V]), according to Eq. (27) are com-
pared. It is evident that the stress ‘envelop’, which results from
the current model agrees well with the numerical simulations both
in terms of the stress values and contact duration. The numerically
(a)
(b)
Fig. 17. Comparison between the numerical and proposed model, Alporas, q0 = 245 kg/m3, L = 200 mm; (a) strain distributions along the compacted zones; (b) stress
variations with time, V0 = 120 m/s.
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deformation.
5.2.2. Velocity attenuation in Cymat foam
The velocity attenuation in Cymat1 foamblocks (q0 = 253 kg/m3)
with L = 200 mmand impacted at initial velocities of 50 and100 m/s
is shown in Fig. 18(a) as functions of the stroke, u, and compacted
zone, h. The 50 m/s impact produced amuch larger compacted zone
than the 100 m/s impact velocity. This is also illustrated by the re-
sults from the numerical simulations in Fig. 18(b). A considerable
underestimation of the stroke is obtained when using the RPPL
material model for predictions (Fig. 18(a), dotted line). It is evident
that the strains within the compacted regions are dependent on
the impact velocity as shown in Fig. 19(a). Therefore the use of the
actual stress–strain curve of the foam material becomes essential.
The stress magnitude and the duration of the contact between the
foam block and rigid wall are well predicted by the current model
as shown in Fig. 19(b).
Figs. 20 and 21 show that the proposed model is capable of
accurate prediction of the compaction of foam materials with
higher density, namely Cymat with q0 = 570 kg/m3. It is shown in
Fig. 20(a) that the compaction due to 75 m/s impact develops with
a zone, which is considerably larger than the stroke as a result of
the fast propagation of the compacted wave. A shorter compacted
zone occurs at 125 m/s impact, which is comparable to the stroke.
Fig. 20(b) illustrates the results from the numerical simulations interms of the ﬁnal compaction and strain distribution. Similarly to
the response of the lower density foams, the velocity attenuation
is well predicted by the current model while the stroke is again sig-
niﬁcantly underestimated when using the RPPL model (Fig. 20(a),
dotted line).
Due to the actual strain hardening of the foam material, the
strains within the compacted zones are velocity dependent as
shown in Fig. 21(a). The prediction of the stress ‘envelop’ agrees
well with the numerical results both in terms of stress values
and contact duration as shown in Fig. 21(b).
5.3. Application of the current model
The current analysis reveals that an attempt to ﬁnd equivalency
between the actual foam material with strain hardening using a
two-parameter model (rcr,eD) leads to inaccurate predictions.
The major reason is that the maximum strain (or average level of
strains) which can be achieved under dynamic loading conditions
is not known in advance. For example, an assumption that the
compaction will reach higher densiﬁcation strains at high impact
velocity may give a justiﬁcation to use a larger eD which automat-
ically leads to an increased value of rcr. This approach, however,
leads to even larger overestimation of the energy absorption capac-
ity as it dictates a full compaction for any velocity V > VY whilst it
was shown that the strains are non-uniform and dependent on
the impact velocity.
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Fig. 18. Cymat1, q0 = 245 kg/m3. (a) Velocity attenuation as functions of the stroke,
u, (solid line) and length of the compacted region, h, (dashed line); V(u) – RPPL
model (dotted line); (b) deformed foam blocks, V0 = 55 (left) and 100 m/s, (right).
(a)
(b)
Fig. 19. Comparison between the numerical and proposed model Cymat1,
q0 = 253 kg/m3, L = 200 mm; (a) strain distributions along the compacted zones;
(b) stress variations with time, V0 = 100 m/s.
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Fig. 20. Cymat2, q0 = 570 kg/m3. (a) Velocity attenuation as functions of the stroke,
u, (solid line) and length of the compacted region, h, (dashed line); V(u) – RPPL
model (dotted line); (b) deformed foam blocks, V0 = 75 (left) and 125 m/s (right).
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of the actual stress strain curve described by Eq. (4) by means of a
material model with a predeﬁned densiﬁcation strain (obtained
from the quasi-static curve) can lead to a substitution of the real
foam material with a ‘dynamically stronger’ one. It can be demon-
strated that the overestimation of the energy absorption capacity
is not only a result of the assumption of a constant eD during the en-
tire impact event but it is also caused by the overestimation of the
dynamic overstress when using an RPPL material model for rela-
tively high velocity impacts. Examples of the stress variation with
the development of the stroke are presented in Figs. 22 and 23 for
impacts in forward and reverse direction, respectively.
The stress variations for the lower density foam materials
(Alporas and Cymat1) when impacted by a 2 mm thick steel plate
with initial velocity of 160 m/s in the forward direction are shown
in Fig. 22(a). The RPPL model predicts considerably larger stresses,
particularly at the start of the impact events (for small strokes),
than those obtained by the current model of compaction. The
stress variations in Cymat foam with low and high density sub-
jected to impacts with V0 = 160 m/s are compared in Fig. 22(b). It
is evident that in both cases the maximum stress values that devel-
op in the foam blocks are greatly overestimated by the RPPL model.
Examples of the stress variation with the development of the
stroke are presented in Fig. 23(a) for two foam materials with sim-
ilar low densities when impacted at 120 m/s in the reverse direc-
tion. The dashed curves in this ﬁgure showing the predictions of
the RPPL material model imply considerably higher stresses partic-
ularly for the small values of u regardless of the degree of harden-
ing when the overestimation of the stresses in the material with
strain hardening (Cymat1) is larger. An overestimation of the
(a)
(b)
Fig. 21. Comparison between the numerical and proposed model, Cymat2,
q0 = 570 kg/m3, L = 200 mm; (a) strain distributions along the compacted zones;
(b) stress variations with time, V0 = 100 m/s.
(a)
(b)
Fig. 22. Stress variations – comparison between the RPPL and proposed model,
impact in the forward direction; (a) Alporas and Cymat1, V0 = 160 m/s, T = 2 mm;
(b) V0 = 160 m/s, Cymat1 with T = 2 mm and Cymat2 with T = 4 mm.
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Fig. 23. Stress variations – comparison between the RPPL and proposed model,
impact in the reverse direction; (a) Alporas and Cymat1, V0 = 120 m/s; (b) Cymat1
and Cymat2, V0 = 125 m/s.
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Fig. 23(b), which shows the stress variation with the stroke for
Cymat1 and Cymat2 impacted at 125 m/s. The results shown in
Figs. 22 and 23 therefore conﬁrm that the assumption of a prede-
ﬁned constant strain leads to a signiﬁcant overestimation of the
maximum stress for both impact scenarios.
The two types of impact – in the forward and reverse direction –
revealed the inﬂuence of the boundary conditions and impact mass
on the propagation of compaction. As the measurement of the
propagation of the wave front in cellular materials is difﬁcult, the
judgment on the possible development of a shock front is often
based on the observations on the deformed specimen after the im-
pact event. Usually any compaction, which is characterized by a
visible boundary between the densiﬁed and non-densiﬁed region,
is used as a proof that a shock wave model can be used. In some
cases these observations are used to predict the ‘critical’ velocity
for the propagation of shock waves.
The actual compaction scenario is much more complex. The re-
sults for the impact in the reverse direction show clearly regions
with high densiﬁcation particularly for the higher impact velocity
(Figs. 16(b) and 17(a), 18(b) and 19(a), 20(b) and 21(a)). However
different degree of compaction is achieved, namely about 0.8 in the
Alporas foam, 0.6 in the Cymat1 and 0.53 in Cymat2 for the higher
impact velocities while these values are considerably smaller for
the lower impact velocities. Nevertheless, the densiﬁcation strains
for the analyzed materials, which are deﬁned for the equivalent
models based on the quasi-static stress–strain curves, are 0.555,
0.445 and 0.485, respectively regardless of the impact velocity.
Therefore, despite the well-distinguished boundary of the regions,
the degree of dynamic compaction cannot be accurately predicted
using a RPPL model.
On the contrary, the results on the foam compaction struck by a
relatively small mass show a highly non-uniform strain distribution
2776 D. Karagiozova et al. / International Journal of Solids and Structures 49 (2012) 2763–2777within the compacted region with rapidly decreasing strains even
for high impact velocities (e.g., V0 = 160 m/s). No distinct boundary
could be observed in the ﬁnally deformed foam although a wave of
strong discontinuity propagates during the impact event; moreover
the deformation history determines the degree of the dynamic ef-
fects. In this case, the absence of a distinct boundary between the
compacted and non-compacted region in the ﬁnally deformed foam
blockwould tend to suggest that the dynamic effects are not impor-
tant, while the opposite is demonstrated in this study.
It should be noted that the models proposed in Section 3 are
developed for material topologies that do not involve axial mi-
cro-inertia effects accompanied by a structural softening, for
example, the out-of-plane compaction of honeycomb. The dynamic
increase of the energy absorption capacity of honeycombs loaded
this direction is due to the combined effects of the axial micro-
inertia, strain hardening of the base material (Karagiozova and
Jones, 2004; Zhao and Abdennadher, 2004) and propagation of
the compaction wave when full densiﬁcation is achieved. There-
fore, the proposed compaction mechanism cannot describe accu-
rately the entire process of deformation of cellular materials that
exhibit axial micro-inertia sensitivity and structural softening.
6. Conclusions
A uniﬁed approach for dynamic compaction of a class of cellular
materials is proposed when considering the actual stress–strain
relationship which exhibits strain hardening. This approach al-
lowed for a clariﬁcation of the mechanism of uniaxial compaction
of metal foams with various densities when subjected to different
impact scenarios. All analyzed foams are aluminium based there-
fore, strain-rate sensitivity effects are not taken into account. It is
shown that the proposed models predict the behaviour of the char-
acteristic parameters, such as stroke, velocity attenuation, strain
distribution, stress variation, with sufﬁcient accuracy. All this pro-
vides a reliable estimate of the energy absorption capacity of a
foam block subjected to uniaxial impact.
It should be emphasized that a deﬁnite densiﬁcation strain re-
lated tomaterial topology or density does not exist in metallic foam
materials which exhibit considerable strain hardening (such as
Cymat). It is clearly shown through the numerous examples of im-
pacts in forward and reverse direction that the strains within the
compacted zones are not uniform and they are velocity dependent.
The attractiveness of the RPPLmodel is the simplicity of implemen-
tation, but it has been shownherein that replacing theunique relation-
ship between the stresses and strain with a two parameter model
based on densiﬁcation strain leads to grossly inaccurate predictions.
The effort to obtain appropriate values of eD is not thereforeworth per-
forming, particularly for impact problems when cellular materials
with relatively high densities are analyzed. Even if an acceptable value
could be selected based on the quasi-static stress–strain characteris-
tics, the proper value of eD for a range of impact velocities encountered
in ‘shock’ problems cannot be obtained in advance.
Appendix 1. – Equations of motion
A.1. Impact of a rigid mass on a stationary foam rod (forward
direction)
According to the ﬁrst law of thermodynamics, the ﬂux of mass,
momentum and energy, respectively, must remain continuous and
in the case of an isolated system considered in this study, the fol-
lowing equation should be satisﬁed
d
dt
ðEU þ EKÞ ¼ 0 ðA1:1Þwhich implies that the rate of increase of kinetic, EK, plus internal,
EU, energies (per unit reference area), should be zero.
If the compaction process leaves State 1 at time t and arrives at
State 2 at time t +Dt, the integral of Eq. (A1.1) gives
ðEU þ EKÞ2  ðEU þ EKÞ1 ¼ 0: ðA1:2Þ
The change in internal energy per unit reference volume is the area
under the ‘shock’ chord in the closed interval [e] so that DEU for the
compaction of an element with length Dl is
DEU ¼ EUðt þ DtÞ  EUðtÞ ¼ 12 ðr
d þ rYÞ½eDl ðA1:3Þ
where l = u + h, h is the length of the compacted zone shown in
Fig. 2. The change in kinetic energy of the undeformed foam rod,
ahead of the wave front, as it changes velocity from V to V + DV, is
DEK ¼ EKðt þ DtÞ  EKðtÞ
¼ ðmþ
Z hðtÞ
0
qð1Þd1ÞVDV þ 1
2
q0V
2Dlþ OðDV2Dl;DV2Þ: ðA1:4Þ
The mass conservation within the compacted region h(t) gives a
relationship between the initial density of the foam, q0 and density
q(n)along the compacted region asZ hðtÞ
0
qðfÞdf ¼ q0fhðtÞ þ uðtÞg: ðA1:5Þ
Substituting Eqs. (A1.3), (A1.4), and (A1.5) into Eq. (A1.2) and neglect-
ing the higher order terms, the following equation is obtained
rY þ q0
½V 2
2½e
 !
½eDlþ q0
1
2
V2Dlþ ðmþ q0ðuþ hÞÞVDV ¼ 0: ðA1:6Þ
Dividing Eq. (A1.6) by Dt, taking the limit Dt? 0 and using the
relationships
Dl
Dt
! dl
dt
¼ ½V ½e ;
DV
Dt
! dV
dt
; ðA1:7a;bÞ
Eq. (A1.6) becomes
dV
dt
Vðmþ q0ðuþ hÞÞ þ rY þ
q0
2½e ð½V 
2 þ V2Þ
 
½V  ¼ 0: ðA1:8ÞA.2. Impact of a foam rod on a rigid surface (reverse direction)
The equations of motions are obtained when substituting the
expressions for the change of the kinetic, DEK, and deformation en-
ergy, DEU, into Eq. (A1.2). The following expressions are obtained
for DEU and DEK
DEU ¼ EUðt þ DtÞ  EUðtÞ ¼ 12 ðr
d þ rYÞ½ejDlj; ðA1:9Þ
DEK ¼ EKðt þ DtÞ  EKðtÞ
¼ fq0ðL ðuþ hÞÞg½V DV 
1
2
q0½V 2jDlj
þ OðDV2;DlDV ;DlDV2Þ: ðA1:10Þ
Neglecting the higher order terms, Eq. (A1.2) becomes
1
2
ðrd þ rYÞ½ejDlj þ fq0ðL ðuþ hÞÞg½V DV 
1
2
q0½V 2jDlj ¼ 0:
ðA1:11Þ
Dividing Eq. (A1.11) by Dt and taking the limit Dt? 0, the latter
equation is expressed as
q0ðL ðuþ hÞÞ
dV
dt
þ rY ¼ 0: ðA1:12Þ
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tained as
dV
dt
¼  rYfq0L q0ðuþ hÞg
; ðA1:13aÞ
dh
dt
¼ Gð½eðVÞÞ;GðeÞ ¼ ½V ð1 ½eÞ=½e; ðA1:13bÞ
du
dt
¼ VðtÞ: ðA1:13cÞAppendix 2. – Parameters of the equivalent RPPL model
The characteristic parameters, which describe the RPPL model
were obtained for the three foam materials in order to compare
the predictions of the present analytical models and model pub-
lished Reid and Peng (1997) and Radford et al. (2005). The value
of the densiﬁcation strain is obtained using the notion of ‘efﬁ-
ciency’ E of the foam in energy absorption (Tan et al., 2005b). If
the foam is compressed up to a strain ea, the energy absorbed
per unit volume is given by
W ¼
Z ea
0
rðeÞde: ðA2:1Þ
The efﬁciency E of the foam in absorbing energy is deﬁned as the
energy absorbed up to a given nominal strain, ea, divided by the cor-
responding stress value, i.e.
EðeaÞ ¼ WrðeÞje¼ea
; 0 < ea 6 1: ðA2:2Þ
The value of the densiﬁcation strain is obtained from the condition
dEðeÞ
deje¼eD
¼ 0: ðA2:3Þ
The plateau stress, rcr, is deﬁned an average value over the interval
[eY,eD] as
rcr ¼ 1eD  eY
Z eD
eY
rðeÞde: ðA2:4Þ
The calculated values of the plateau stress according to Eq. (A2.4)
and the densiﬁcation strain deﬁned by (A2.3) are used to approxi-
mate the actual stress–strain relationship by the RPPL model. The
model parameters for Alporas and two Cymat foam densities are gi-
ven in Table 2.
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